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( )A one-dimensional 1-D model for the diffusion-controlled dynamic adsorption and
surface tension in micellar solutions of nonionic surfactants is de®eloped and tested
with experimental data. The micellar dissolution rate for monodisperse micelles is de-
scribed as being proportional to the micellar concentration and to the concentration

( )difference between the critical micelle concentration cmc and the local monomer con-
centration with a micellar dissolution rate constant k. The Langmuir or Frumkin ad-
sorption isotherms are used in a diffusion-controlled adsorption model with micellar
dissolution. The hydrodynamic effects due to interface generation in the experiments are
simplified as resulting in a stagnant layer with an adjustable finite length l. The model is
sol®ed rigorously by the finite-element method with a stretched grid and adapti®e time
step sizes. From simulations, the micellar dissolution rate is found to be much more
important for dynamic adsorption than the micellar diffusion rate. Moreo®er, the size
distribution of micelles is found to be insignificant for dynamic adsorption when a
narrow distribution is considered. New equilibrium and dynamic surface-tension data
for a planar interface in a Langmuir trough has been obtained for two nonionic surfac-
tants, straight-chain alkyl ethylene oxides, C E and C E , at concentrations below14 6 16 6
and abo®e their cmc’s. The pre-cmc data are used to obtain the respecti®e Langmuir
isotherm parameters � and K and the effecti®e diffusion length lf0.3 mm. Withm ,L L
®alues of � , K , and l determined from pre-cmc data, the post-cmc data are fittedm ,L L

� ( � )fairly well with the micellar dissolution time constant � �1rkC C is the cmc ,K
which is 1.2 ms for C E and 4.5 ms for C E .14 6 16 6

Introduction

The dynamic adsorption of a single nonionic surfactant so-
Ž .lution below its critical micelle concentration cmc in a stag-

nant medium has been studied for several decades and is well
Žestablished Ward and Tordai, 1946; Lin et al., 1990; Chang

.and Franses, 1995; Ferri and Stebe, 2000 . For many applica-
tions, however, surfactants are used above or well above their

Ž .cmc Rosen, 1978 . Even though the equilibrium surface ten-
sion of surfactant solutions above their cmc is nearly con-
stant, the tension and adsorption dynamics become faster with
higher micelle concentration. Applications, such as foaming,
coating, wetting, and emulsification, involve fast adsorption
in micellar solutions. Hence, it is important to understand
the role of micelles on adsorption dynamics.

The presence of micelles in the bulk solution can affect the
adsorption dynamics strongly, because micelles can replenish

Correspondence concerning this article should be addressed to E. I. Franses.

the loss of surfactant monomers due to their diffusion and
adsorption, and hence increase the net rate of adsorption
Ž .Filippov and Filippova, 1997; Noskov, 2002 . The dynamic
adsorption process is shown in Figure 1. Initially, the micelles
are in dynamic equilibrium with the monomers in the solu-
tion. Adsorption of monomers at the interface causes a con-
centration gradient, which makes the monomers to diffuse to
the interface and reduces their concentration in the bulk.
Then, the micelles are no longer at equilibrium with the
monomers and start dissolving, or releasing monomers. To
account for the effects of micelles, one needs to model the
mechanism of micellar dissolution kinetics along with micel-
lar diffusion.

Among several proposed micellar kinetic models, the step-
wise aggregation model is the most plausible and the most

Ž .complex Dukhin et al., 1995 . In this model, one assumes
that the micelles aggregate or dissociate in a series of steps.
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Figure 1. Micellar dissolution and dynamic adsorption
( ) ( )a at a planar interface and b around an air

( )bubble not to scale .

In each step, a monomer is added to or released from a mi-
celle. Therefore, one needs two rate constants, for aggrega-
tion and dissociation, respectively, to describe each step.
Consequently, for a distribution of micelles, many rate con-
stants are needed to describe the whole process of micellar
aggregation and dissociation. These rate constants are re-
lated to the stepwise micellar formation equilibrium, which
yields the micelle aggregation number distribution and the

Žaverage aggregation number N Nagarajan and Ruckenstein,
.2000 . With several further assumptions and a population

Ž .balance approach, Aniansson and Wall 1974 characterized
the stepwise dissociation for perturbation around the equilib-
rium distribution with two relaxation time scales, � and � ,1 2
but with no dependence of these time scales on spatial coor-
dinates. When the micellar size distribution undergoes small
deviations from the equilibrium micellar distribution, for ex-
ample, when the average aggregation number changes from
N to Ny1, this ‘‘fast process’’ is complete in times of the

Žorder of � , which ranges from �s to ms Pillai and Shah,1
.1995 . For large deviations from the equilibrium, or for mi-

celles dissociating totally into monomers, the process is
slower, and is of the order of � , which ranges from seconds2

Ž . Ž .to over 100 s Patist et al., 2001 . Dushkin et al. 1991 have
determined the effects of slow and fast micellar dissociation
on the adsorption dynamics, and developed a model for the

Ždynamic adsorption on the surface of a thin film Dushkin,
.1998 . This model is then solved approximately with analyti-

cal linearization methods, and is limited to small deviations
from equilibrium.

In another model, one assumes that monodisperse mi-
celles, with aggregation number, N, totally dissolve to pro-

Ž .duce N monomers Lucassen, 1976; Miller, 1981 . For this
mechanism, described as an Nth-order reaction, the net dis-
solution rate from micelles is assumed to be

J sN k C yk C N 1Ž .Ž .1 d N f 1

where C and C are the concentrations of monomers and1 N
micelles, and k and k are rate constants for micellar for-f d
mation and dissolution. This model is thermodynamically

Ž . Nconsistent, that is, at equilibrium J s0 , the ratio C rC is1 1 N
constant, as expected from the equilibrium constant condi-
tion for monodisperse micelles. Nevertheless, since most in-
trinsic reaction orders cannot be higher than three or four
Ž .Hill, 1977 , this model seems implausible for describing mi-
cellar kinetics.

Ž .In another model suggested by Fainerman et al. 1984 , who
consider the relaxation of micellar dissociation with slow and
fast processes, the net rate of micellar dissolution is

CN�J sk C C yC 1y� exp y tk qq 2w x Ž .Ž . Ž .1 1 N 1 2 �C

where k and k are dissolution rate constants for fast and1 2
slow processes, C� is the cmc, � and q are parameters, and t

Ž .is time. This model has been adopted by Zhmud et al. 2000 ,
who reported some sample calculations, but did not deter-
mine specific values for the parameters.

At high micellar concentrations, at which the fast dissolu-
Ž .tion process can be a rate-determining step, Fainerman 1981

suggested the following simple equation

J skC C�yC 3Ž .Ž .1 N 1

where k is the dissolution rate constant. For micelles in an
ideal solution, the equilibrium monomer concentration
around each micelle is expected to be equal to the cmc or C�

Ž .Evans and Wennerstrom, 1999 . The dissolution of micelles¨
would be similar to the dissolution process of a crystallite or

Ž .droplet at a solidrliquid or liquidrliquid interface Figure 2 ,
and the net dissolution rate is proportional to the driving force
C�yC . Thus, the constant k in Eq. 3 is analogous to an1

Ž .overall mass-transfer coefficient Figure 2 . Moreover, the net
dissolution rate J is expected to increase proportionally to1
the exposed micellar interfacial area, which is proportional to
C for a fixed value of N.N

It remains unclear that complex models are needed to ade-
quately describe the essence of experimental data of dynamic
adsorption from micellar solutions. For this reason, in this
article, we use and test the simple Eq. 3 coupled with the
equations for diffusion and adsorptionrdesorption. We solve
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Figure 2. Micellar dissolution near a micelle: at the mi-
cellerrrrrsolution interface, the monomer con-
centration is taken to be equal to the cmc C�.
In the bulk solution, at a distance � , which depends on the
micelle concentration, the monomer concentration under
nonequilibrium condition is C . The driving force for mass1

� �Ž �transfer is C yC . The net mass-transfer rate is k C y1
. �C A, where A is the micelle area and k is a mass-transfer1

coefficient. For monodisperse, fixed-size micelles with ag-
gregation number N, A is a constant and kC s k�A.N

the resulting model rigorously with the finite-element method
for the first time for this problem, without any approxima-
tions or linearizations. The model applies to nonionic surfac-
tants with diffusion, but no explicit consideration for convec-
tion. It can be generalized to include hydrodynamic effects

Ž .explicitly, as was done for the first time by Schunk 1989 .
Here, convection is considered implicitly, in as much as it
affects the effective diffusion length of a layer near the inter-
face. We examine the effects of micellar dissolution and dif-
fusion rates in the overall adsorption rate, and identify key
dimensionless groups, which can describe when these effects
are important. The model is shown to be adequate for de-
scribing new experimental data for two typical nonionic sur-
factants. The micelle dissolution rates are determined to de-
pend on the surfactant hydrophobicity.

Mathematical Model and Solution Method
Model for planar coordinates

For dynamic adsorption of a nonionic surfactant above its
cmc, monomer molecules are transported through a diffusion

Žlayer of length l, and adsorb onto the airrwater or other
. Ž .fluid interface Figure 1a . After the monomers adsorb, a

concentration gradient develops. Simultaneously, the mi-
cellermonomer equilibrium is disturbed by monomer diffu-
sion, and micelles release monomers to the bulk solution. The
net dissolution of micelles replenishes the loss of bulk
monomers, and increases the net rate of dynamic adsorption
over what would be in the absence of micelles. For a com-
pletely stagnant medium in a long liquid column, the effec-
tive diffusion length, l, would be practically infinite. Because
of mixing, however, or convection associated with interface

formation or with temperature gradients, one should con-
sider the flow explicitly, which makes the problem quite com-
plex. Alternately, one can use diffusion only within a finite

Ž .effective diffusion length, l Chang and Franses, 1992, 1995 .
The latter approach is used in this article. The transport of
surfactant monomers and monodisperse micelles of aggrega-
tion number N in the bulk solution within the length l is
described by the diffusion equations in planar coordinates for
0� x� l and t�0

� C � 2C1 1sD q J , 4Ž .1 12� t � x

� C � 2C JN N 1sD y 5Ž .N 2� t N� x

where x is the distance measured from the interface and D1
and D are the diffusivities of monomers and micelles, re-N
spectively; the dissolution rate of micelles J is defined in1
Eq. 3. For spherical micelles, the micelle diameter is propor-
tional to the cube root of the aggregation number, N. The

Ž .Stokes-Einstein equation Cussler, 1984 predicts that the
diffusivity of micelles is inversely proportional to the diame-
ter, or D rD sNy1r3. For nonspherical molecules or mi-N 1
celles, a small correction factor may be needed.

The initial concentrations of monomers and micelles for
0F xF l are

C x ,0 sC� , 6Ž . Ž .1

and

C yC�
T

C x ,0 sC s 7Ž . Ž .N N0 N

where C is the total concentration. For a newly created cleanT
surface, the surface density is essentially zero at the begin-
ning of the adsorption process

� 0 s0 8Ž . Ž .

although in certain experiments the first measurement is ob-
tained when

� 0 s� �0 9Ž . Ž .0

The boundary conditions at xs0 for t�0 are

d� � C1sD 10Ž .1dt � x xs 0

for monomers, and

� CN
D s0 11Ž .N � x xs 0

for micelles, which are assumed not to adsorb at the inter-
face.
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Beyond the diffusion layer, the concentrations of monomers
and micelles are constant. At xs l, the boundary conditions
for t�0 are

C l ,t sC� , 12Ž . Ž .1

C l ,t sC 13Ž . Ž .N N0

If l is equal to the total thickness of the liquid layer in a
container, one may need to use the no-flux boundary condi-
tion at xs l.

Along with Eqs. 4�13, an additional relation exists be-
Ž . Ž .tween � t and C 0, t . Such a relation depends on the1

‘‘mechanism’’ of adsorption, by which is meant whether the
adsorption is diffusion-controlled, or kinetic-controlled, or
‘‘mixed kinetics,’’ that is, affected by both diffusion and ad-

Ž .sorptionrdesorption rate Chang and Franses, 1995 . In this
article, we consider the more common first case, where the

Ž .surface density � t and the subsurface layer concentration
Ž .C 0, t are in local equilibrium, or where the adsorptionrde-1

Ž .sorption process is much faster than diffusion. Then, � t vs.
Ž .C 0,t is the dynamic adsorption isotherm, which is normally1

taken to have the same functional form as the equilibrium
adsorption isotherm. A widely used equilibrium isotherm is
the Frumkin isotherm

K CF 0
� s� 14Ž .e m , F A X ee qK CF 0

where � is the equilibrium surface density, � is the maxi-e m, F
mum surface density, K is the adsorption equilibrium con-F
stant, C is the equilibrium concentration of monomers, A is0
the binary interaction parameter, and X ��r� is thee e m, F
equilibrium surface coverage. The dynamic Frumkin isotherm
is

K C 0,tŽ .F 1
� t s� 15Ž . Ž .m , F A X Ž t .e qK C 0, tŽ .F 1

Ž . Ž .where X t �� t r� is the dynamic surface coverage. Them, F
Ž .dynamic surface tension � t is obtained from the dynamic

Frumkin equation of state

2AX tŽ .w x� t y� s� RT ln 1y X t y 16Ž . Ž . Ž .0 m , F ½ 52

where � is the surface tension of the pure liquid. For As0,0
the Frumkin isotherm reduces to the well-known Langmuir
isotherm. Then, the parameters � and K are replaced bym, F F
� and K , which have the same meaning.m, L L

Model for spherical coordinates
This model is needed when one uses a spherical bubble

Ž .method Franses et al., 1996 , in which diffusion to the inter-
Žface from the liquid phase is inward toward the bubble cen-

.ter , or a drop method, in which diffusion to the interface is
outward. Similarly to the model in planar coordinates, for a
spherical bubble with a radius, R, and an effective diffusion

Ž .length, l Figure 1b , the transport of monomers and micelles
is described by the diffusion equations in spherical coordi-
nates for R� r � Rq l and t�0

� C D � � C1 1 12s r q J , 17Ž .12 ž /� t � r � rr

� C D � � C JN N N 12s r y 18Ž .2 ž /� t � r � r Nr

The initial conditions are

C r ,0 sC� , 19Ž . Ž .1

C r ,0 sC 20Ž . Ž .N N0

and

� 0 s0 or � 0 s� �0 21Ž . Ž . Ž .0

The boundary conditions at rsR and rsRq l for t�0 are

d� � C1sD , 22Ž .1dt � r rs R

� CN
D s0, 23Ž .N � r rs R

C Rq l ,t sC� , 24Ž . Ž .1

C Rq l ,t sC 25Ž . Ž .N N0

The dynamic Frumkin isotherm and its equation of state are
Ž .the same as in Eqs. 15 and 16, except that the term C 0,t in1

Ž .planar coordinates is replaced by C R,t . This model re-1
duces to the planar model when R™	 or R� l.

Dimensionless equations and groups for spherical
coordinates

For the convenience of further mathematical treatment,
and for helping to identify the key dimensionless groups, the
concentration, surface density, distance, and time are nondi-
mensionalized as

C1
u � , 26Ž .1 �C

CN
u � , 27Ž .N CN0

�

 � , 28Ž .

�e

ryR
� � 29Ž .

l

t
� � 30Ž .

�D

Here the characteristic time scale is defined as

� � L2rD 31Ž .D 1
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where the characteristic length L is the length of depletion,
or the thickness of the solution at the cmc containing the
same amount of surfactant as in the equilibrium surface layer

L��rC� 32Ž .e

The time for a new airrwater surface with nonionic surfac-
tant solutions below or at the cmc to reach equilibrium is

Ž .usually between 1 and 10 � Ferri and Stebe, 2000 . ForD
several nonionic surfactants, if one uses the Langmuir
isotherm, which is a special case of the Frumkin isotherm
with As0, one can find � and K , from which one canm, L L

Ž .calculate L and � Table 1 . Typical values of � for non-D D
ionic surfactants, range from 30 ms to 4.5�105 s. These val-
ues indicate that the diffusion can be slower than the micel-
lar dissolution, which can then affect the net adsorption rate.

The dimensionless diffusion layer thickness is defined as

l lC�

N � s 33Ž .l L �e

The smaller the value of N , the higher the adsorption rate isl
expected to be for diffusion-controlled adsorption. The di-
mensionless bubble size is

R
N � 34Ž .R l

For N �1, the interface is effectively planar.R
The dimensionless counterparts of Eqs. 17�25 are

� u 1 � � u1 122N s �qN q J , 35Ž .Ž .l R 12�� �� ���qNŽ .R

� u S � � u JN N 122N s �qN y , 36Ž .Ž .l R2�� �� �� Ty1�qNŽ .R

Ty1
2J sN N u 1yu , 37Ž .Ž .1 D l N 1N

u � ,0 s1, 38Ž . Ž .1

u � ,0 s1, 39Ž . Ž .N


 0 s0, 40Ž . Ž .

d
 � u1
N s , 41Ž .l d� �� �s 0

� uN s0, 42Ž .
�� �s 0

u 1,� s1, 43Ž . Ž .1

u 1,� s1 44Ž . Ž .N

where S� D rD is the diffusivity ratio, T �C rC� is theN 1 T
dimensionless total concentration, and the dimensionless dis-

solution rate constant N is given byD

kC�L2
�N � kC � s 45Ž .D D D1

The parameter N is the ratio of the diffusion time scaleD
� and the micelle dissolution time scale � �1rkC�. A largeD k
value of N �� r� means that the micellar dissolution isD D k
much faster than the monomer diffusion, and N �1 meansD
that micellar dissolution is unimportant. We conjecture that
the dissolution time scale � is related to the fast micellark
‘‘relaxation’’ time scale � , which is of the order from 10y6 to1
10y3 s. Given the range of the values of � and � , one findsk D

1 11 Žthat N can vary from 10 to 10 see the Results and Dis-D
.cussion section .

The dimensionless dynamic Frumkin isotherm is

N uc s

 � s 46Ž . Ž .A X 
eX e qN uŽ .e c s

Ž . Ž .where u � �u 0,� is the dimensionless subsurface layers
concentration, and N � K C� is the dimensionless concen-c F
tration. The dimensionless surface pressure � is

A
2 2ln 1y X 
 y X 
Ž .e e� y� �Ž .0 2

�� s 47Ž .A� y�0 e 2ln 1y X y XŽ .e e2

where � is the equilibrium surface tension. Equations 35�46e
are solved numerically with the finite-element method de-
scribed in the next section.

Finite-element analysis
Equations 35 to 44 are solved rigorously for the first time

using a method of lines that incorporates the Galerkin finite
Ž . Ž .element FE method Strang and Fix, 1973 for spatial dis-

cretization and an adaptive finite difference method for time
Ž .integration Liao et al., 2003; Zhang et al., 1996 . The spatial

domain 0F �F1 is divided into N elements. The monomerE
and micelle concentration profiles are then expanded in terms

jŽ .of a series of quadratic basis function 
 �

Nx
ju � , � s u � 
 � 48Ž . Ž . Ž . Ž .Ý1 1 j

js1

Nx
ju � , � s u � 
 � , 49Ž . Ž . Ž . Ž .ÝN Nj

js1

where u and u are unknown coefficients to be deter-1 Nj j

mined and N s2 N q1 is the total number of nodes. Thex E
Galerkin weighted residuals for Eqs. 35 and 36 are con-
structed by weighting the differential equations with the

iŽ .quadratic basis function 
 � , integrating the resulting ex-
pressions over the spatial domain, and rearranging the inte-
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grals by integration by parts

� u � u d
 i
1 1 1i 2 i iR s N 
 q y J 
H1 l 1ž /�� �� d�0

�s1� u12 2i� �qN d�y
 �qN s0,Ž . Ž .R R �� �s 0

i� u � u d
 J1 N N 1 2i 2 i iR s N 
 qS y 
 �qN d�Ž .HN l Rž /�� �� d� Ty10

�s1� uN2iy
 S �qN s0, is1, 2, . . . , N . 50Ž .Ž .R x�� �s 0

The weighted residual equation set, Eq. 50, can be simpli-
fied by means of the boundary conditions Eqs. 41�44

� u � u d
 i
1 1 1i 2 i iR s N 
 q y J 
H1 l 1ž /�� �� d�0

d
2 2� �qN d�q� N N s0,Ž .R i1 l R d�

i� u � u d
 J1 N N 1i 2 i iR s N 
 qS y 
HN lž /�� �� d� Ty10

2
� �qN d�s0, is1, 2, . . . , N y1,Ž .R x

R Nxs1,1

R Nxs1 51Ž .N

A stretched-grid-generation method is used to minimize the
number of nodes while maintaining numerical accuracy
Ž .Knupp and Steinberg, 1993 . This method allows more nodes
to be used near the interface where the concentration gradi-
ents are large compared to the rest of the domain. The size
of each element is determined by an exponential function,
and the middle node of each element is located halfway be-

tween the two end nodes, namely

i
� s , is1, 2, . . . , N ,i ENE

e�� iy1
� s0, � s ,1 2 iq1 �e y1

� q �2 iy1 2 iq1
� s 52Ž .2 i 2

The positive parameter � is determined by placing one ele-
ment across the penetration depth of the concentration pro-

Ž1.'file � s � rN during the first time step �d l

�rN Ž1.E 'e y1 �
s . 53Ž .� Ne y1 l

The time derivatives of u , u , and 
 are formulated with1 j N j
either the backward-difference method or the trapezoidal rule
over a time interval �� Ž p.s� Ž p.y� Ž py1., ps1, 2, . . . . Four
backward-difference time steps with fixed time-step size ��
s10y4 are used initially to provide the necessary smoothing
Ž .Luskin and Rannacher, 1982 . In the subsequent steps, a
second-order Adams-Bashforth predictor is used with the
trapezoidal rule to evaluate the relative time truncation er-
rors and the time-step sizes adaptively. Finally, the system
comprising Eqs. 51 and 46 of 2 N q1 nonlinear algebraicx
equations is solved by Newton’s method.

Materials and Methods
Materials

ŽNonionic alkyl ethylene oxides surfactants polyethylene
.glycol monoalkyl ether , C E and C E , of purity 99q%,14 6 16 6

Ž .were purchased from Fluka Milwaukee, WI . These two sur-
Žfactants were chosen because they have large � �1,000 s;D

.see Table 1 so that the measurements can detect the full
range of the dynamic adsorption process. The water used for
all samples was first distilled and then passed through a Mil-
lipore four-stage cartridge system, resulting in a water resis-
tivity of 18 M� �cm at the exit port. Fresh surfactant solu-

Table 1. Data and Properties of Nonionic Surfactants

C E C E C E C E C E Triton X10010 6 12 6 12 5 14 6 16 6

MW dalton 423 451 407 479 507 624
�� �� � � � †2� �molrm 2.4 2.7 7.5 3.7 6.0 2.9m , L �� �� � � � †3K mrmol 700 5,000 220 14,000 26,500 1,500L �� �� � � � †� 3Ž .cmc C molrm 0.9 0.08 0.04 0.006 0.0005 0.23

� ††N � 630 400 8.8 84 13.25 345C †10 2 ‡D �10 m rs 2.96 2.90 3.00 2.84 2.79 2.601‡‡ 5� s 0.03 4.5 103 1,240 4.5�10 0.61D
§N � NA 200 200 NA 250 NA

�1rkC ms NA NA NA 1.2 4.5 NA
3 5 5k mrmolrs NA NA NA 1.39�10 4.4�10 NA

�Best-fit values; see Figure 3.
�� Ž .Values from Zhmud et al. 2000 .

† Ž .Values from Lin et al. 1990 .
††Dimensionless concentration at cmc N � � K C�.C F‡Calculated from Stokes-Einstein equation.
‡‡ 2 Ž �2 .Characteristic time scale at cmc � � � r D C .D e 1§ Ž .Micelle aggregation numbers predicted by Nagarajan and Ruckenstein 2000 .
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Ž .tions less than one day old were used for all the dynamic
Ž .surface-tension DST measurements.

Surface-tension measurements
A KSV Langmuir standard-trough, from KSV Instruments,

Finland, with a dipping well and a roughened platinum Wil-
helmy plate, was used to obtain DST vs. time data and equi-

Ž .librium surface tensions �0.5 mNrm . The solutions were
placed in the dipping well, which has dimensions of 3.7�11.6
�9.1 cm. The temperature was controlled at 24�0.5�C. To
clean the surface from possible impurities, and for testing the
reproducibility of the DST data, the surface was created by
fast wiping the interface with a delrin-taped barrier by hand
at least ten times. Then, the surface was further aspirated
with a pipette before data collection. This wiping and aspira-
tion process leads to convective flow, which stops after a few
seconds. Hence the effective value of l should be initially
small and increase with time. Such a time variation of l would
have to be evaluated by solving the relevant hydrodynamic
equations, which include the effects of actual system geome-
try. Unfortunately, doing so results in a problem that is both
complicated and no longer one-dimensional. Here, for the
simplicity of the model, a fixed l value is used in the fitting
procedure, and its effectiveness is tested with the data.

Surface-tension data were collected as follows. First, pure
water was placed in the dipping well, and the balance con-
nected to the platinum Wilhelmy plate was zeroed. Then, the
pure water was replaced with a surfactant solution. The sur-

Ž .face was aspirated until the initial surface pressure � y�0
was at least no more than 5 mNrm, and the dynamic
surface-pressure data were collected afterward. Because of
some adsorption while the surface is aspirated, a completely

Ž .surfactant-free surface �s0 and �s0 is hard to obtain at
Ž .the time of the first measurement tf0 . The initial value of

the surface density was nonzero and was obtained from the
measured value of the first surface-tension measurement, that

w Ž .xis, � � ts0 . The equilibrium surface tensions at different
concentrations were defined as the steady-state values of
DST, if they remained constant for at least 20 min.

The equilibrium bulk concentrations were unequal to the
initial concentration because of adsorption. The equilibrium
concentrations were found by subtracting the adsorption loss,
C sC y A�rV, where � was estimated from the equi-0 in i t i al e e
librium isotherm, and A and V are the area and volume of
the dipping well. The correction for 10y4 molrm3 was about
20%. For C �10y4 molrm3, there is a big correctioninit ial
due to adsorption, and the equilibration time might be sev-
eral days, making the data unreliable. For these reasons, no
data were reported for C �10y4 molrm3. The limitedinit ial

Ž .equilibrium data Figure 3 did not justify using the three-
parameter Frumkin isotherm. Hence, for fitting the data, we
used the two-parameter Langmuir isotherm. The best-fitted

Ž .values Table 1 were used for the calculation of the adsorp-
tion dynamics.

E©aluation of key parameters
The molecular diffusivities of several nonionic surfactants

Ž .Table 1 were estimated based on the published diffusivity
y10 2 Ž .of Triton X100, D s2.6�10 m rs Lin et al., 1990 , andT r

( )Figure 3. Equilibrium surface tension data for C E �14 6
( )and C E � .16 6

The data are fitted using the Langmuir-Szyszkowsky
Ž .isotherm solid lines , and the best-fit parameters are listed

in Table 1. The average standard deviation for the fitted
isotherms is ca 1 mNrm.

the ratio of the molecular weight of these surfactants to that
of Triton X100 using the Stokes-Einstein equation

y1r3D M .W .C E C Em n m ns 54Ž .
D M .W .T r T r

The aggregation numbers N for C E and C E were found12 6 16 6
Žto be around 200 and 250 in the literature Nagarajan and

.Ruckenstein, 2000 . The value of N for C E was estimated14 6
to be between the two values just given. In the following sec-
tion, we will show that small variation of micelle size N is not
practically important, and hence the value of N was set to be
216 for both C E and C E in the simulations. The diffu-14 6 16 6
sivity ratio S, following the Stokes-Einstein equation, would
be S� D rD sNy1r3s0.16.N 1

In the adsorption problem for a nonionic surfactant below
its cmc, the parameters � and K are known from them, L L
equilibrium isotherm; D is found by Eq. 54. The only ad-1
justable parameter, l, is determined by fitting the DST data
for all concentrations below or equal to the cmc. For post-cmc
concentrations, we used the same values of � , K , D ,m, L L 1
and l as in the sub-cmc cases. The remaining unknown pa-
rameter, k, is then determined by fitting the post-cmc DST
data at various concentrations. The scheme is simple and
self-consistent, and should work to the extent that the ad-
sorption is diffusion-controlled and governed by the Lang-
muir isotherm.

Results and Discussion
Effects of key dimensionless groups

Several key properties of nonionic surfactants are summa-
rized in Table 1. The effects of these key parameters will be
studied with examples of realistic parameter values. The di-

December 2003 Vol. 49, No. 12AIChE Journal 3235



Figure 4. Effect of the dimensionless micellar dissolu-
tion rate N on the calculated dynamic sur-D
face pressure � at a planar interface with the
Langmuir adsorption isotherm when C rrrrrC�

T
s10, K C�s100, Ns64, N � l rrrrrLs10, andL l

2 4 6 8 (N s0, 1, 10 , 10 , 10 , and 10 overlaps withD
6)10 , from right to left; here micellar diffusion

is not considered, S� D rrrrrD s0.N 1

mensionless concentrations, N � K C�, at the cmc for cer-C F
tain nonionic surfactants are between 10 and 600. In the ex-
ample calculations, we choose N s100, which is in the mid-C
dle of the range just given. The dimensionless diffusion
boundary length, N , depends on the effective diffusion-layerl
thickness, l, in the measurements and the characteristic ad-
sorption length, L. It has been shown that for l larger than
10L the effect of the diffusion length is negligible in sub-cmc

Ž .solutions Liao et al., 2003 . Hence, N s10, which corre-l
sponds to a practically infinite diffusion length, is used for
the sample calculations. A smaller value of N was found inl

Ž .our experiments see next section . For spherical micelles, the
aggregation number N can range from 50 to 1,000. The val-
ues of Ns64, 216, or 1,000, which lie in this range and give
diffusivity ratios of D rD sNy1r3s0.25, 0.16, or 0.1, re-N 1
spectively, are used in the sample calculations.

Figure 4 demonstrates the effects of the dimensionless mi-
cellar dissolution rate N on the DST at a planar interface.D

Ž .Here the diffusion of micelles is neglected D rD s0 forN 1
examining the effects of micellar dissolution separately from
the effects of micellar diffusion. For the limit of zero dissolu-

Ž . Ž �.tion rate N s0 or with no micelles C sC , the dimen-D T
sionless equilibration time for the surface pressure to reach

Ž .95% � of the total pressure increase is more than 10. If95
micelles are present but dissolve slowly, for example, when
N s1, � decreases little compared to the situation whenD 95
N s0. As N increases to 100, � drops sharply to 0.5,D D 95
because of fast micellar dissolution. Moreover, the availabil-
ity of micelles close to the interface results in release of
monomers: the monomers do not need to be transported from
longer distances, and thus the penetration depth, d, for
monomer concentration is shortened. As N increases fur-D
ther, � decreases until N f104. Thereafter, further in-95 D
creases in N do not result in further increases in the rate atD

which DST decreases. This phenomenon has not been recog-
nized previously. The existence of such a limit shows that the
micelles are converted into monomers quickly and are de-
pleted in a thin layer, which has a length d that is relatively
small compared to l. Hence, the adsorption rate is mainly
controlled by the diffusion of monomers in this thin layer.

To examine in more detail how micellar dissolution affects
the adsorption, Figure 5 compares the concentration profiles
for a micellar solution with C s10 cmc and N s104 toT D
those of a sub-cmc solution, C s0.5 cmc, at various stagesT
during dynamic adsorption at a planar interface. For the sub-
cmc solution, the monomers adsorb first on the airrwater
surface and deplete the bulk concentration up to � s0.03,
where � � xrl, for 
s0.1. When more molecules are ad-
sorbed, the depleted length becomes longer, for example, �

Ž .s0.1 for 
s0.5, and � s0.4 for 
s0.95 Figures 5a�5c .
Ž .After the adsorption is nearly complete 
 �0.95 , the de-

pleted monomer concentration starts being replenished by
diffusion from the bulk until u s1. In this example, d is1
about 0.5 l. On the contrary, a much smaller value of ds0.03

Ž .l is found for the micellar solution Figures 5d�5f . Thus, for
post-cmc solutions, the dissolution of micelles makes the ef-
fective depletion length smaller by replenishing the monomers
as they are lost to the interface by adsorption. Hence dy-
namic adsorption from micellar solutions is analogous to dy-
namic adsorption from premicellar solutions, but with a
smaller effective length.

To understand the effects of considering not only micellar
dissolution but also micellar diffusion on dynamic adsorption
at a planar interface, � is plotted at different N with vari-95 D
ous values of N and diffusivity ratios S in Figure 6. In the

Ž .cases of Ns64 with either mobile micelles Ss0.25 or im-
Ž .mobile micelles Ss0 , � decreases with increasing N ,95 D

but reaches different plateaus. The � curves for Ss0 and95
Ss0.25 overlap when N �103. With increasing values ofD

Ž .N , these two curves diverge 3a and 3b in Figure 6 andD
reach plateaus of 0.06 and 0.02 for Ss0 and Ss0.25, re-
spectively. We infer that under these conditions, the effect of
micellar diffusion is more important in the high dissolution-
rate regions, where the micellar concentration gradient is
larger because micelles are consumed faster near the inter-
face. For a larger aggregation number Ns216, with Ss0,
� can be twice as large as that of Ns64 for N s103.95 D
However, for N �105, � is independent of N when Ss0.D 95
On the contrary, as SsNy1r3, when micellar diffusion is
considered, the � curves are nearly parallel for N �10,95 D
and � is larger with larger N. The difference in the values95
of � for Ns64 and 1,000 is about a factor of 4 when N f95 D
1,000. Thus, for micelle sizes that are not monodisperse, for
example, varying from 64 to 1,000, the size effect can alter � 95
by up to fourfold depending on the size distribution. Then, a
more complex model with a population-balance approach may
be needed. On the other hand, if N varies over a smaller
range, for example, from 200 to 250, the effect of size distri-
bution on dynamic adsorption may be minor.

The effect of the dimensionless length of the diffusion
boundary layer N on the DST for adsorption at a planarl
interface is demonstrated in Figure 7. For a solution with
C rC�s10 and a layer thickness N �10, the values of �T l 95
for all values of N are independent of N . When N s1,D l l
however, � values become smaller than the respective val-95
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Figure 5. Concentration profiles of submicellar and
postmicellar solutions at different stages in
the adsorption process with N s10, where �l
� xrrrrrl.
Ž . Ž .a � c Concentration profiles for a sub-cmc solution, T �

� Ž . Ž . Ž .C rC s 0.5 or N s 50; d � f monomer solid lines andT C
Ž .micellar broken lines concentration profiles for a micellar

solution with N s100, T s10, Ss 0, Ns 64, and N s10 4.C D
Ž . Ž .Note that the �-axis has a larger scale in parts a � c com-

Ž . Ž .pared to that in parts d � f .

ues with N s10 for N �10, where micellar dissolution isl D
not fast enough to replenish the monomer losses, and the
monomer concentration has a depletion depth d� L. When
N �10, d becomes smaller than L due to micellar dissolu-D
tion, and � is the same for both N s1 and 10. For N s0.195 l l

Figure 6. Effect of N on � for a planar interface withD 95
the Langmuir adsorption isotherm when K C�

L
s100, C rrrrrC�s10, lrrrrrLs10, and various ag-T
gregation numbers N.
Ž . Ž . Ž .1a Ns1,000, S � D rD s 0; 1b Ns1,000, Ss 0.1; 2aN 1

Ž . Ž .Ns 216, Ss 0; 2b Ns 216, Ss 0.16; 3a Ns 64, Ss 0;
Ž .3b Ns 64, Ss 0.25.

Figure 7. Effect of N on equilibration time � for ND 95 C
s100, Ts10, Ns64 , S� D rrrrrD s0.25, andN 1
various values of N as indicated; here the in-l

( )terface is planar N s	 .R

or 0.01, � drops with decreasing N , but is independent of95 l
N up to values of N of 103 or 104.D D

For spherical bubbles, the smaller the value of N � Rrl is,R
the larger the adsorption rate is, because the inward radial
flux increases with decreasing radius, r. For N �100, theR
equilibration time is found to be essentially the same as that

Ž .for a planar interface Figure 8 . For N s1, � s0.85 forR 95
N F10, and then drops to reach another plateau at 0.07 forD
N G104. For R� l, or N �1, the effect of curvature is moreD R
substantial. For example, for N s0.1, � starts with a valueR 95
of 0.09, is independent of N up to N s100, and then dropsD D
to a plateau of 0.03 as N increases without bound.D

Figure 8. Effects of N on equilibration time for N sD C
100, Ts10, Ns64, Ss0.25, N s10, and di-l

(mensionless radius N � Rrrrrrls	 planar inter-R
)face , 100, 10, 1, and 0.1, from top to bottom.
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Figure 9. Dynamic surface tension data of aqueous
C E .14 6

Ž . Ž .Below the cmc: T s 0.1 0.6 �M; � , 0.33 2 �M; � , and
Ž . y6 21.0 6 �M; ` . Here � s 3.7�10 molrm , K s1.4�m, L L

104 m3rmol, and D s 2.84�10y10 m2rs. The value of ls 0.31
Žmm is found to fit the data. Above the cmc: T s 5 30 �M;

. Ž .� and 10 60 �M; � . Here Ns 216 and D rD s 0.16.N 1
The value of 1rkC�s1.2 ms with N s106 is found to fitD
both sets of data.

Experimental results and fitting to the model
The DST data for C E and C E show the typical be-14 6 16 6

havior of the effect of concentration below and above the
Ž .cmc Figures 9 and 10 . From the equilibrium data, obtained

using solutions of sub-cmc concentrations, we found the best
fitted parameters � and K , as detailed in the Materialm, L L

Figure 10. Dynamic surface tension data of aqueous
C E .16 6

Ž . Ž .Below the cmc: T s 0.2 0.1 �M; ^ , 0.5 0.25 �M; � ,
Ž . y6 2and 0.9 0.45 �M; ` . Here � s 6�10 molrm , Km, L L

s2.65�10 4 m3rmol, and D s 2.79�10y10 m2rs. The1
value of ls 0.3 mm is found to fit the data. Above the

Ž . Ž .cmc, T s10 5 �M; � and 20 10 �M; � . Here Ns 216
and D rD s 0.16. The value of 1rkC�s4.5 ms with NN 1 D
s108 is found to fit both sets of data.

Ž .and Methods section Table 1 . From fitting the DST data
for the sub-cmc solutions, l was found to be 0.3 mm. For

4 ŽDST equilibrated in less than 10 s 0.33 and 1.0 cmc of
.C E , the DST data are lower than the fitted curves at short14 6

times, because the effective value of l may be smaller initially
due to the convection accompanying surface preparation.
Nonetheless, the model with a fixed value of l can capture
the basic features of the sub-cmc DST data of the three con-
centrations examined for both surfactants, indicating that the
details of the convective flow can be ignored to a first approx-
imation. Moreover, the diffusion-controlled mechanism ap-
plies when l is adjustable as before, showing that the dy-
namic Langmuir isotherms used are adequate.

Using the same value of ls0.3 mm for the two micellar
solutions of C E , the best-fitted dissolution time constant14 6
1rkC�, or � , was found to be 1.2 ms. The DST data arek
lower than the fitted curves at short times and higher at longer
times. This phenomenon could result from the effective l
changing with time, as observed in the sub-cmc DST data.
Another possibility is that at high surface density, the adsorp-
tion process becomes slower and mixed kinetics should be
used. Then, the diffusion-controlled model would predict a
faster adsorption rate than observed. Nonetheless, the model
can still describe the key features of the micellar solution
data, namely, that the DST curves shift to smaller times as

ŽC increases. Similar results were obtained for C E Fig-T 16 6
.ure 10 . Using ls0.3 mm, Ns216, and Ss0.16, � wask

found to be 4.5 ms. The time constant of C E is larger than16 6
of C E because C E is more hydrophobic, having a lower14 6 16 6
cmc, and apparently lower dissolution rate.

The calculated spatial profiles of the monomer and micel-
lar concentrations for 60 �M C E with the same fitted pa-14 6
rameters as in Figure 9 are shown in Figure 11. During the
adsorption process, the micelles near the interface dissociate
and create a depleted micellar zone with a length d, where
the micellar concentration decreases sharply toward the in-
terface and the monomer concentration is kept at cmc. It is
noticeable that the monomer concentration profile is about a
straight line within xsd, and the adsorption rate, or the
slope, is ca. C�rd. The value of d is about the same for both
cases, with or without diffusion, when 
 �0.1 For 
 �0.1, d
increases faster in the case of Ss0 because micelles cannot
be supplied via bulk diffusion. Hence, the adsorption rate is

Žsmaller for Ss0 and the resulting � and � are larger by50 95
.a factor of 2 than that for Ss0.16. The maximum values of

d are about 24 �m for Ss0.16 and 60 �m for Ss0. Fluo-
Ž .rescence data reported recently by Song et al. 2002 for

aqueous C E micellar solutions show supporting evidence14 6
that there is a micellar depletion region with thickness be-
tween 10 to 100 �m.

Conclusions
A one-dimensional model is developed for the diffusion-

controlled dynamic adsorption and surface tension in micel-
lar solutions of nonionic surfactants. The micelles are as-
sumed to be monodisperse, of fixed aggregation number, N,
and with a diffusivity estimated from the Stokes-Einstein
equation. The micellar dissolution rate is described as being
proportional to the micellar concentration and to the concen-
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( )Figure 11. Calculated monomer solid lines and micel-
( )lar broken lines concentration profiles for

C E micellar solutions at different stages14 6
in the adsorption process.
Parameters used are N s 84, ls 0.3 mm or N s 0.5, T sC l

6 Ž . Ž .10, Ns 216, and N s10 : a � c with micellar diffusion,D
Ž . Ž .Ss 0.16; d � f without micellar diffusion, Ss 0. Ac-

counting for micellar diffusion, the micelle depletion re-
Ž . Žgion decreases from 0.2 l xs 60 �m to 0.08 l xs 24

.�m .

tration difference between the cmc and the local monomer
concentration. The micellar dissolution is incorporated into a
diffusion-controlled adsorption model with the Langmuir or
Frumkin adsorption isotherm. The hydrodynamic effects due
to interface generation in the experiments are simplified as
resulting in an effective stagnant layer with a finite length, l,
which is an adjustable parameter that can be obtained from
the sub-cmc DST data. The model is solved rigorously by a
finite-element algorithm, without any linearization further
approximations. A stretched grid and adaptive time stepping
are used to optimize computational efficiency without losing
accuracy.

This model covers mostly the dissolution of micelles. The
stepwise kinetics of micellization, as detailed by Aniansson

Ž .and Wall 1974 , is simplified to a monodisperse micellar
model. The dissolution rate constant, k, is related to the re-
ciprocal of the fast micellar relaxation time, � , as indicated1

Ž .by Fainerman 1981 . Further improvement of this model can
include the use of the mixed kinetics model, which may be
needed when dissolutionrdiffusion become faster. For pulsat-
ing area conditions, where desorption may occur and micelles
are formed from monomers, a more complex model than Eq.
3 is needed. Such a model is beyond the scope of this article,
and is the subject of future investigation.

Simulations were done to test the relative importance of
several key dimensionless parameters on the adsorption rate.
The dimensionless equilibration time, � , is found to depend95
strongly on the dimensionless dissolution rate, N �� kC�.D D
Larger values of N result in smaller values of � . The cal-D 95
culated concentration profiles show that the micellar dissolu-
tion decreases the penetration depth, d, and hence adsorp-
tion in micellar solutions is analogous to premicellar adsorp-

tion with a shorter l. The value of � also depends on the95
dimensionless diffusion length, N s lrL, and the dimension-l
less bubble radius, N � Rrl. The diffusion of micelles is alsoR
considered. The diffusivity of micelles D is estimated fromN
the Stokes-Einstein equation, and the ratio of D to theN
monomer diffusivity, D , is given by S� D rD sNy1r3,1 N 1
where N is the aggregation number. When N �104, whereD
the micellar concentration gradient is large, the diffusion of
micelles is found to be important. When micellar sizes range
from 64 to 1,000, � can vary up to fourfold. On the con-95
trary, when the size distribution is narrow, the effects of vari-
able N are minor; then, the assumption of monodisperse mi-
celles is well justified.

New equilibrium and dynamic surface-tension data for a
planar interface were obtained for two nonionic surfactants,
C E and C E , at 24�C at concentrations of 0.6�60 �M14 6 16 6
Ž � . Ž .T �C rC s0.1 to 10 and 0.1�10 �M Ts0.2 to 20 , re-T
spectively. The equilibration times for C E decrease from14 6
103 �104 s below the cmc to 30�100 s above the cmc. For
C E the times decrease from 104 �105 s below the cmc to16 6
103 �6�103 s above the cmc. The data were used to obtain
the Langmuir isotherm parameters � and K , the effec-m, L L

Ž .tive diffusion length l f0.3 mm , and the micellar dissolu-
tion time constant � �1rkC�. The model fitted the datak
fairly well, despite the simplified assumptions used. The same
values of � , 1.2 ms for C E and 4.5 ms for C E , fittedk 14 6 16 6
data at two micellar concentrations. The latter surfactant has
a lower cmc and a smaller dissolution rate, probably because
it is more hydrophobic. The values of � can be used to pre-k
dict DSTs for micellar solutions of higher concentrations, for
which data may not be available if the equilibration times are
too low.
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